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Abstract 

In this article, the concept of copulas is generalised to infinite dimensional 
Hilbert spaces. We show one direction of Sklar’s theorem and explain that the 
other direction fails in infinite dimensional Hilbert spaces. We derive a necessary 
and sufficient condition which allows to state this direction of Sklar’s theorem 
in Hilbert spaces. We consider copulas with densities and specifically construct 
copulas in a Hilbert space by a family of pairwise copulas with densities. 
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1 Introduction 

Correlation is the most widely applied measure for dependence between random vari¬ 
ables. However, it is well known that correlation reflects the dependence structure 
only in very specific situations well. Most obviously, correlation fails to captnre any 
nonlinear dependencies in a data set. If the underlying distribution is not normal 
or even not elliptic, then the failure of correlation as a measure for dependence is 
demonstrated in Embrechts, McNeil and Straumann [10]. Applying correlation as a 
measure for dependence requires finite second moments for the underlying distribu¬ 
tion and its estimation often relies on finite higher moments. As a consequence, its 
usage becomes problematic or must be even ruled out if the underlying distribution 
exhibits heavy tails as it is often the case for financial data, see e.g. Cont [7]. 
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There exist various alternatives to the correlation as a measure of dependence, 
such as Hellinger distance^ Kendall’s tau, Kullback-Leibler divergence and the mu¬ 
tual information. Most prominent example is the approach by copulas. Although 
copulas were accused of increasing the severity of the financial crisis 2007-08, see 
Salmon [21], they are still widely applied in quantitative finance and insurance in¬ 
dustry for risk management and pricing; see e.g. McNeil et al. [19] and Malevergne 
and Sornette [18] for pre-crisis publications and Brigo et al. [6] for a post-crisis pub¬ 
lication. But the application of copulas are not restricted to quantitative finance 
and actuarial sciences. In hydrology, copulas are used to model dependencies among 
storm variables or to interpolate precipitation across spaces; see AghaKouchak et 
al. [1], Golian et al. [12] and Salvador! and De Michele [8]. Copulas are applied in 
meteorology, see Bonazzi et al. [5] and Fuenteset et al. [11] and geophysics, see Yu 
et al. [25]. Copulas can be found for modelling travel behavior in Bhat and Elurua 
[3] and Eluru et al. [9]. Copulas are used in reliability engineering for analysing the 
dependence of components of complex systems in Lai and Xie [17]. Numerous more 
applications of copulas can be listed in medicine, environmental and civil engineering 
and many other areas. 

Despite their popularity, copulas are seen as a strictly finite dimensional con¬ 
cept. The reason might be found in the fact that their definition strongly relies on 
properties of cumulative distribution functions, which are a much less useful tool in 
infinite dimensional spaces. In this article, we show that nevertheless the concept of 
copulas can be generalised to infinite dimensional Hilbert spaces. We demonstrate 
this novel concept by several examples for constructing copulas in Hilbert spaces. 

Our original motivation of this work is to develop a tool for describing the de¬ 
pendence of the components of an infinite dimensional Levy process. The majority 
of specific examples of Levy processes in infinite dimensional spaces are constructed 
by sums of independent components, see e.g. Priola and Zabczyk [20]. For finite 
dimensional Levy processes, describing the dependence structure by copulas is a 
well developed tool, resulting in Levy copulas] see e.g. [2] and [15]. In the inhnite 
dimensional setting, we will introduce this concept in a forthcoming work based on 
the present article. 

Our generalisation of copulas enables us to model the dependence structure of 
complex dynamical behaviour in time and space by copulas as it is well known for 
ordinary systems. For illustrating this, let V{t,x) present a stochastic process in 
time t and space x, e.g. the solution of a stochastic partial differential equation. 
By assuming that V{t,-) is an element of a Hilbert space with orthonormal basis 
(eA:)fcEN) the stochastic process V can be represented by its Fourier expansion as 
V{t,x) = Y^=i'^k{t-,x)ek{x) where Yi^{t,x) := (H(t, x), efc(x)). The dependence 
structure of the Hilbert space valued random variables {Yfc(t, •) ; k e N} for some 
t ^ 0 can be described by the copulas introduced in the present work. As a specific 
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example, one might think of V(t, x) as the displacement of a oil rig from its idle state 
at X e [0, L] at time t caused by heavy waves. One way to model this rig is by an 
Euler-Bernoulli beam of length L exposed to a random process. As an orthonormal 
basis {cfc : /c E N} of the space L^([0, L]) of square-integrable functions one can 
choose the Fourier basis, i.e. the modes of the beam subjected to the boundary 
conditions. In this example, the copula gives information on the dependence of the 
displacement on the amplitude of the wave. If the beam starts to vibrate in one 
mode, knowing the copula, one has some information how probable the other modes 
will be effected and how quick the resonance will propagate to other modes. In 
particular, one might forecast some crack or other damages. 

We introduce our notation and shortly review copulas in the next Section 2. Our 
approach to copulas in Hilbert spaces is described in Section 3 where we also state 
and prove one direction of Sklar’s theorem. The failure of the other direction in 
Sklar’s theorem in Hilbert spaces is explained in the following Section 4. Here we 
also derive a necessary and sufficient condition which allows to state this direction 
of Sklar’s theorem. In the last Section 5, we consider copulas with densities and 
specifically construct copulas in a Hilbert space bya family of pairwise copulas with 
densities. 

2 Preliminaries 

Let H be a separable Hilbert space with inner product (•, •), induced norm H-H and 
an orthonormal basis The projection on the Euclidean space is defined for 

/c ^ £ by 

- := «/l, Cfc), . . . , </l, Cf)). 

The Borel fi-algebra is denoted by B{H). The function 

i(h) = «h,efc»,^^. (2.1) 

maps the Hilbert space H isometrically isomorphic to the space of square summable 
sequences. 

If {S,S) is a measurable space then Ad (5) denotes the space of all probability 
measures on S. Most often, we consider M{H) for a Hilbert space H with the Borel 
cj-algebra B{H), in which case we equip Ai{H) with the Prokhorov metric. The 
subspace of probability measures ^ with p-th moments, i.e. fJ'idu) < oo, is 

denoted with The space of product measures is denoted by that 

is 


:= M{H) : /x o = 


fc=i 
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The space denotes the space of all probability measures n e M.{H) such 

that all marginal measures have continuous cumulative distribution function (cdf), 
that is 


:= {/i e Ai{H) : x ^ ((—co, a;]) is continuous for all k e N} . 

We often use intersections of some of these subspaces, e.g. Ad® n 

For a probability measure ^ e Ad(]R^) the cumulative distribution function (cdf) 
is defined as the function 

^ [0,1], F^(xi,...,Xfc) := ti{l{xi) x ••• x /(x^)), 

where I{x) := (—oo,x] for all x e R. We denote the set of all such intervals by 

X := {(— cx),x] : X e R}. 

A copula in R^ for some A: e N is a cumulative distribution function Ck '■ [0,1]^ ^ 
[0,1] with uniform marginal distributions, that is 


Cfc(l,..., l,Uj, 1,..., 1) = Uj for all Uj e [0,1], j e {1,... ,/c}. 


We say that a copula Ck ■ [0,1]^ ^ [0,1] has a density if there exists a measurable 
function : [0,1]^ ^ R+ satisfying 


Ck (ari, • • • , Un) 



Ck{vi,...,Vn)dVn---dvi 


for all ui, 


Un £ [b) 1] • 


Sklar’s Theorem (see [18, Th.3.2.1] or [19, Th.5.3]) guarantees that for every 
probability measure // e Ad(R^) there exists a copula Ck in R^ such that 


Pl{Ji X • • • X = Ck(^Hi{h),- ■ for all h,...,Ik^I, 

where p.j := p, °■ If each marginal distribution p,j has a continuous cdf, i.e. 
pL e Ad‘^(R^), then the copula Ck is unique. The converse statement of Sklar’s 
Theorem, which is much easier to prove, states that for a given copula Ck in R^ and 
every product probability measure p, e A1®(R^) there exists a measure v e Ad(R^) 
satisfying 


■■■ X =Ck{pi{h),---,Pk{h)^ for all/i,... ,4 eX, (2.2) 

where pj := po 7r“^. As the left hand side is the cdf of n, the measure u is uniquely 
determined by the copula Ck and the product probability measure p. Thus, a copula 
Ck in R^ induces a mapping 


Ck : A1®(R'^) - Ad(R'’), p ^ Ck{p), 


where Ck{p) denotes the probability measure n satisfying (2.2). 
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3 Copulas in Hilbert spaces 

As copulas are strongly based on cumulative distribution functions it is rather a 
finite dimensional concept. In order to extend it to an infinite dimensional seting, 
we begin with a minimal requirement. 

Definition 3.1. A family (C'fc)A:eN of copulas Ck in is called consistent if it obeys 
for all /c e N that 

Ck+i{ui,...,Uk,l) = Ck{ui,... ,Uk) for all ni,...,Ufc e [0,1]. 

The following theorem shows that a consistent family of copulas is sufficient to 
generalise one direction of Sklar’s theorem to the infinite dimensional setting. 

Theorem 3.2. (Sklar’s Theorem) 

For each probability measure jj, e M.{H) there exists a family of consistent copulas 
(C'fc)fcsN satisfying for all Ii,..., Ik ^ T and k e N.- 

F O'Neil .X ••• X 4 ) = Cfc (^ 1 ( 4 ),..., (4)), (3.1) 

where pj = po tt”^. If p € then the family of consistent copulas {Ck)ke¥S is 

unique. 

Proof. Sklar’s Theorem in finite dimensions guarantees that for each A: e N there 
exists a copula Ck in satisfying (3.1). For each /c e N and Ii,..., Ik ^ T we have 

h ° 7r4^...,efc,efc+i(-^l X • • • X 4 X R) = ^ O 7r”^...,ej4 X • • • X 4). 

Consequently, it follows from (3.1) that for all 

k 

(ui, ... ,Uk) e Rk := X {h ° : x 6 R} 
f=i 

one obtains Ck+i{ui,... ,Uk, 1) = Ck{ui,... ,Uk). If Uj f {po 7r“^(— go,x] : x e R} 
for some j e N then define for each k ^ j 

Ck{ui ,..., Uj—i, Uj , iij-i-i,..., Uk) .= Ck (ni,..., Uj—i, Uj , Uj-i-1,..., rtfc), 

where tij := sup{;U o 7r~^(— 00 ,x) : ^ o 7r“^(—co, x) < Uj,x e R}. □ 

Applying Theorem 3.2 to the finite dimensional situation in R”^ shows that each 
copula Cn in R'^ defines a consistent family {Ck)k=i,...,n- Before we study the con¬ 
verse of Sklar’s Theorem we present some recipes to construct a family of consistent 
copulas in a Hilbert space. 
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Lemma 3.3. Let ipj: [0,1]^ ^ IR+ be the continuous density of a copula in 
for each j e N. Then, by defining for every ui, ■ ■ ■ ,Uk e [0,1] and k e N\{1} the 
function 

rui rUk 

Ck(ui,...,Uk) = I ••• Ti(^’i,V2)T2(v2,V3)---Tk-i(vk-i,Vk)dvk---dvi (3.2) 

Jo Jo 

one obtains a family {Ck)keN of consistent copulas. 

Proof. Let denote a copula in with continuous density (p with partial deriva¬ 
tives and with respect to the first and second argument, respectively. As p 
is continuous the second derivatives satisfy = P- It follows for each 

tt e [0,1] that 


^u{u, 1) = lim 
^>„(rt,0) = lini 


-F e, 1) — <f>(u, 1) 
£ 

<h(tt -t- e, 0) — <h(u, 0) 
e 


u + e — u 

= hm- 

£^o e 

= lim — = 0, 
£^o e 


= 1, 


and analogously <l>t,(l,u) = u and <ht,(0,u) = 0 for all v e [0,1]. Consequently, we 
obtain for each u 6 [0,1] that 

r p{u,v)dv= r du = 1) - ^>„(u,0) = 1. (3.3) 

Jo Jo 

For fixed k e N\{1} it follows from its definition in (3.2) that Ck{ui,... ,Uk) = 0 if 
at least one of the arguments Uj equals 0. For each Uj e [0,1] and j e {2,..., kj, 
Tonelli’s theorem and (3.3) imply that 


^^(1, . . . , 1 , Uj, 1 ,..., 1 ) 


7 —IV^j —1) Oj, 


-f 


p,(v,,V2)(^...j\,-l( 

lo do Pj-i(vj-i,vj}dvj 

J pj-i(vj-i,Vj)l^... j pi(vi,V2}dvi^ ■ ■-^dvj 


Pk-l(vk-l, 


Vk) dvk 


■ dv. 


dvi 



= Uj. (3.4) 
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Define a function 

V’: [ 0 , 1 ]*' ^ [ 0 , 1 ], ^Pk{vi,.. ■,Vk) = (pi{vi,V2) • ... • (pk-i{vk-i,Vk). 

By taking Uj = 1 in (3.4) we obtain 

ipk{vi,-■ ■ ,Vk)dvk-■ ■ dvi = 1, 

J]r'= 

which shows that 'kfc is a probability density function on [0,1]^. Since Ck is the 
cumulative distribution function of V'fc, we have established that Ck is a copula in 

It follows from (3.3) for every ui,..., e [0,1] and /c e N that 


Ck+li^i , . . . , Uk 1 1 ) 

rui rUf, 

= ••• <^l(^'l,^' 2 ) • ' 

Jo Jo 

r«i r«fc 

= ••• ^Pl{vi,V2)-’ 

Jo Jo 

Cfc("Ul, . . . , Uk): 


■iPk-iivk-i,Vk) (pkivk,Vk+i)dvk+idvk---dvi 
Jo 

■ ^Pk-livk-l,Vk) dvk ■ ■ ■ dvi 


which completes the proof. □ 

Example 3.4. The density ipk : [0,1]^ ^ IR of the Gaussian copula in with 
correlation parameter pk £ (—1,1) for every /c e N is given by 


‘Pk{vi,V2) 



Pk (G-\vi)V fpk -n 
2{1-pI)\G-Hv2)) V-1 Pk)\G-Hv2))) 


pliG-Hvi)? - 2pkG-Hvi)G-Hv2) + pliG~Hv2)r 

2 ( 1 -/^i) 


where G: R ^ [0,1] is the cumulative distribution function of the standard normal 
distribution. 


Lemma 3.5. Let j be a cylindrical probability measure on H and let 

denote the cumulative distribution function 0/70 for every i e N and 

j e Nq. Then 

Gk{ui, ...,Uk):= ^(ui),.. .,Fif^{uk)^ for ui,... ,'Ufc e [0,1], (3.5) 

defines a family {Ck)ke'¥i of consistent copulas. 
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Proof. It is well known that for each k e ¥\ the relation (3.5) defines a copula Ck 
in Let {^},A,P) be a probability space and T : H ^ Lp(n,]R) be a cylindrical 
random variable with cylindrical distribution 7 . It follows for each ui,..., e [0,1] 
and k e ¥\ that 

C'A;+i(ni,... ,Ufc, 1 ) = lim Fi k+i{F^^{ui), ■ ■ ■ ,Fi:^{uk),x) 

= lim P(rei ^ Ff ... ,refc ^ F“^(ufc),Lefe+i ^ x) 

= p(rei ^ Ff^(ui),... ,refc ^ F"^(ufc),refc +1 ^ co^ 

= p(Tei ^ Ff ^(m),... ,refc ^ F^”^(ttfc)^ 

Ck (^1) • • • ) '^k)i 

which completes the proof. □ 

Example 3.6. Let 7 be a centred, Gaussian cylindrical distribution with covariance 
operator Q e i.e. Q is a positive and symmetric linear operator but not 

necessarily trace-class. Then 70 7 r“^ for f e N and j e No is a Normal distribu¬ 
tion on F( 1 R-^^^) with expectation 0 and covariance matrix ((Qcm, e„))^ 

In particular, if 7 is the canonical Gaussian cylindrical distribution on H it fol¬ 
lows that Q = Id and that is the cumulative distribution function of the 

standard normal distribution on F(]R'^^^). This example will show later that the 
converse of Sklar’s theorem is not true in Hilbert spaces. 

4 Copulas and the product space 

In the following we are concerned with the converse implication of Sklar’s theorem. 
For this purpose, recall the isomorphism i defined in (2.1) which maps the Hilbert 
space H to the space of square summable sequences. The space is equipped 
with the standard inner product (•,•), induced norm 11 - 11^2 and with the standard 
orthonormal basis {fk)ke¥l- 

Define the product space R® as the space of all functions from N to R. Thus, 
R® can be identified by 

00 

R® := X ^ •= {{xk)ke¥S ■ Xfc e R}. 

fe=i 

The canonical projections are defined for f,j e N and i ^ j hy 

j 

■ R°° X 

k=i 





The product space R® is equipped with the product a-algebra which is defined 
by 

00 

:= (X) B{R) := u({{(xfc)fceN e : xj e B}, B e 6(11), j e N 

k^l 

see for example [4, page 485]. 

Proposition 4.1. For every family {Ck)ke¥! of consistent copulas and p, e M®{H) 
there exists a unique probability measure u on (]R°°, satisfying for each Ii,..., e 
I and k e N." 

^ ■■■ X 4 ) = (4.1) 

where fij := fio vr”^. 

Proof. Sklar’s Theorem in implies for each k e ¥l that there exists a probability 
measure £ A4(R^) satisfying for each Ii,..., E 

’^l,2,...,k(^Il X ••• X 4^ = C'fc^/il(4), • • • ,Mfc(4))- (4.2) 

In order to apply Kolmogorov’s consistency theorem we define a family : 

fj e N pairwise disjoint, A: e N} of probability measures in the following way: if 
4 < 4 < • • • < 4 and Bti , • • •, Bt^ E ;B(R) then 

T^tu-,tk{Bti X • • • X RtJ : = X • • • x R x R x • • • x R^). 

This set function is uniquely extended to a measure in A4(R^). 

For arbitrary but mutually disjoint 4, • • •, 4 ^ IN let X denote the permutation of 
{ti,... ,4} such that x(4) < • • • < x(4) and define 

X ••• X Bt^) := 4(il)>-..,x4) (-^Xhl) X ••• X R;y;(tj,)). 

Again, this set function is uniquely extended to a measure in A4(R^). 

The consistency of the copulas imply for every Ri,..., R^ E R(R) and k e¥1 that 

i^i,2,...,fc,fc+i(4i X ... X Rfc X R) = z/i,2,...,fc(Ri X ... X Rfc). 

Consequently, we obtain for 4 < • • • < 4 that 
X ••• X Bt,_, X R) 

= X • • • X R xRt^_j X R X • • • X R) 

= z^i,2,...,4_i-i,4_i(Rx ••• X RxR 4_J 
= (4q X ••• X Rjj,_j). 
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It follows that the family : tfc £ IN pairwise disjoint, A: e N} satisfies the 

conditions in Kolmogorov’s consistency theorem which implies that there exists a 
unique probability measure on the measurable space (lR°°,i3®) such that the co¬ 
ordinate process {k^ : A: e N) has as its finite-dimensional distributions, 

i.e. 


^ for all B e Ai,... ,4 e N; 

see [4, Th. 36.1]. The uniqueness of the probability measure ly follows from the fact 
that the algebra generated by cylindrical sets is a Dynkin system; see [16, p.60]. □ 

Similarly to the finite dimensional situation, Proposition 4.1 yields that every 
family C = {Ck)keN of consistent copulas defines a mapping 

C: M®{H) ^ II ^ C{ii), 

where C'(^) denotes the probability measure v on (1R°°,;B°°) satisfying (4.1). How¬ 
ever, in contrast to the finite dimensional case the image C'(//) is not necessarily 
a probability measure in the space 1 '^, and thus does not result in a probability 
measure on the Hilbert space H. However, we obtain the following result: 

Theorem 4.2. For a family C = (C'fc)fcg]N of consistent copulas and fj, e 
the following are equivalent: 

(1) C'(^) is a probability measure inM{i‘^); 

( 2 ) C{n){C) - 1 . 

Proof. Due to Proposition 4.1, we only have to show that ^ Recall that 

the product cr-algebra is generated by the system of sets 

C := |{(xfc)fc6]N e 1R°° : xj e B}, Be H(lR),j e N j, 

i.e. we have = cr(C). Define the system of sets 

V :=€ nf = |{(xfc)fcg]N e f : xj e B}, B e H(1R), j e N j. 

The set V is separating for 1“^, as for {ak)ke¥i, {bk)ke¥i ^ ^ with a choose j e N 
such that Oj ¥= bj. Then with Z := {{xk)ke¥S ^ ^ which is an element 

of P, it follows that 


1 = Iz ((afc)fc£N) ^ Iz ((bk)ke]N) = 0. 
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It follows from [22, Pro.1.1.4] that = (t(X’). The representation 

00 00 m 

n=l m=l k=l 

yields that e 0°°. Thus, we have P Q which completes the proof. □ 

Corollary 4.3. Let {Ck)ke¥S be a family of consistent copulas. If p. e M.® nAi‘^{H) 
then there exists a probability measure v in M^{H) satisfying for each Ii,..., Ife e X 
and k e N; 

^ O ^7i!...,efc (^1 X ••• X 4 ) = . . . ,//fc(4)), 

where jj-j := /U o vr”^. 

Proof. Let h := C{p) denote the probability measure on (]R°°,;B®) satisfying (4.1) 
according to Proposition 4.1, and let {Kk ■ A: e N) be the canonical coordinate 
process on (]R°°,i3®). By denoting Uj := v o it follows from (4.1) for each I eX 
that 


4 ( 1 ) = .(Rx ••• xRxI) = Ck{l,...,l,hj{I)) = hj{I), 

which yields hj = p,j. Thus, we obtain 


E, 


00 00 « 

'[ll^ll£2] = 2 = 2 x^Vk{dx) 

k^l 

00 p 

= ^ iXk{dx) 
fc=i 

00 ^ ^ 

= Yi {h,ekfp.{dh) = \\hf n{dh) 

JH 


< GO. 


It follows that ||k ||£2 < GO D-a.s., which yields = 1. Theorem 4.2 implies that 
is a probability measure in A4(£'^). 

Denote the inverse of the isomorphism i: H —>■ defined in (2.1) by j and define 
a probability measure n := h o j~^. Then we have u e M{H) and 


r* GO r* OAJ ^ r* 

\\hfv{dh) = Y x‘^h{dx)= \\hf fi{dh) 

JH Jr Jr Jh 


00 

V 


< 00 . 
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Equality (4.2) implies for every Ii,..., e X and 6 N that 
^ O (^1 X • • • X h) 

= l^({(a;fc)fcsN e : 7rei,,„,efc(i((xfc)fcg]N)) e Ii X • • • x 4j^ 

= z>(^|(xfc)fcsN e : (ici, ... ,Xfc) e /i X • • • x 4 

= ^ ° ^ ^ 

Ci/j (/ii (4 ))•••) /^fc (-^fc))) 

which completes the proof. □ 

5 Copulas with densities 

Most of the examples of copulas in finite dimensional spaces have a density. For a 
family of consistent copulas, the following property guarantees similar results in the 
infinite dimensional setting as in Euclidean spaces. 

Definition 5.1. Let {Ck)keN be a family of consistent copulas Ck with densities 
Cfc: [0,1]^ ^ 1R+. The family (cfc)fcg]N of densities is called uniformly integrable if 

lim sup Ck{u) dtt = 0. 

fcsN J{us[0,l]'': Ck{u)^r} 

We need the following definition from asymptotic statistics. 

Definition 5.2. Let {Sk,Sk) be a measurable space with two probability measures 
Pk and Qk for every /c e N. Then the sequence {Qk ■ /c 6 N) is contigiuous with 
respect to {Pk : /c e N) if for every sequence {Ak)ke¥S of sets Ak e Sk we have: 

lim Pk{Ak) = 0 ^ lim Qk{Ak) = 0. 
fc—>00 fe^oo 

This is denoted by {Qk '■ /c e N) <3 {Pk '■ k e N). 

Theorem 5.3. Let {Ck)ke]N be a family of consistent copulas Ck with densities Ck- 
Then for every p, e M® n fA'^{H) the following are equivalent: 

(1) (cfe)fcsN is uniformly integrable. 

(2) there exists a measure u 6 M.{H) satisfying: 

(a) {u o : A: e N) <] (^ o : A: e N). 
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(b) for each /i,..., e X and k e ¥1 we have: 


^ O ^ei!...,efc (^1 X ••• X 4 ) = . . . ,^fc(4)), (5.1) 

where fj,j := fj,o . 

In this situation the measure v is absolutely continuous with respect to fi. 

Proof. We begin with deriving a few formulas which are true without assuming (1) 
or (2). Denote by Fj the cumulative distribution function of fij and define the 
function 

gk:H^[0,lf, gk{h) = {Fi{(h,e,)),..., Fk{(h,ek))). 

The probability integral transform^ guarantees for every Bi,..., Bi~ e ;B(1R) that 

tiog-^{Bi X ••• X Bk) = g,{he H : Fi«h,ei» e Bi,... ,Fk{(h,ek)) e Bk) 

k 

-rio(c,'‘(Bj)) 

i=i 

= Afc((5i X ■■■ X Bk) n [0,1]'=), 

where Xk denotes the Lebesgue measure on ;6(1R^). Consequently, we can conclude: 

h ° 9k^ ^ ^k\[o,i]k forall/ceN. (5.2) 

For each /c e N define a measure on B{H) by 

Vk'. B{H) ^ Vk{B) = r ck{gk{h))) ix{dh). 

JB 

It is a probability measure since (5.2) guarantees 

nkiH) = Ckigkih)) p{dh) = Ckix)dx = l. 

Jh J[o,i]'' 

We show that each measure ixk satisfies (5.1). For this purpose, define for every 
j e N the Borel set Aj e ;B(1R) where the cdf Fj is constant: 

Aj := [J {x e IR : Fj{x) = Fj{x + ( 7 )}. 

gsQ 

think that here we need continuous cdf, i.e. g e AF 
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It follows that 


^ Yi ^ ^ = 0- 

qeQ 

Define for every /c e N and j e {1,..., A:} the Borel set 

Bj := vr"^ X • • • X IR xAj x ]R x • • • x IR) e B{H). 

It follows that is a //-nullset as 


^i{Bj) = fio VTgj^ g^(]R X • • • X IR x^j X ]R X • • • X ]R) 

= Hi(R) ■ ... ■ fij-i{'R)iJ,j{Aj)^j+i{R) ■ ...■ /Ufc(IR) = 0. 


Consequently, the set B^ := B^ u • • • u B^ is also a ;U-nullset. For each ui,... ,Uk ^ 
[0,1] define I{uj) = (—oo, uj]. As every cdf Fj for j = 1,..., /c is strictly increasing 
on {B^Y ''^6 conclude 

[h e {B'^Y : </i, ei> ^ iii,..., </i, eY) ^ Uk] 

= [he {B>^Y ■ FiiiY ei» ^ F{ui ),..., Fk{Qi, efc» ^ Fk{uk)}. 


Together with (5.2), it follows that 
X ... X I{uk)) 

= Vk{{heH: Trei,...,ekih) e /(tti) x • • • x I{uk)}) 

= J '^I{ui)x-xIiuk){'^eu...,eYh))ck{gkih)) ^iidh) 

'^Iiui)x-xI{uk){'^ei,...,eYh))ck{gk{h)) fJ,{dh) 

~ I ^i(Fi(ui))x...xi(Fk(uk))(.9k{hYck{gk{h)) g{dh) 

~ J' l/(Fi(tti))x---x/(Ffc(ttfc)) {gk{hYCk{gk{h)) Yidh) 

~ J' l/(Fi(«i))x-"x7(Ffc(tifc)) (('^1) • • •) 'Sfc))cfc(si,..., Sk)) {g o )((isi,..., dsk) 

= Ck{Fi{ui),...,Fk{uk)). (5.3) 

In particular, relation (5.3) and the consistency of the copulas imply for every k 
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that 


° {Hui) X • • • X I{uk)) 

= {l/e O 7r”^...,eJ (-^(^^l) X • • • X I{uk) X E, X • • • X R) 

= Ce{Fi{ui),.. .,Fk{uk), 1,..., l) 

= Ck{Fi{ui),.. .,Fk{uk)) 

= OEi!...,eJ(^(«l) X ••• xl(Ufc)). 

Thus, we can conclude that 

° ^eu...,ek =^kO ^ ^ (^•^) 

Now we can establish that on the probability space the random vari¬ 

ables 


Mfci F ^ E, Mk{h) := Ck{gk{h)) (5.5) 

form a martingale (M^ ; A: e N) with respect to the filtration {Fk)ke¥i defined by 

Clearly, Mk is J^^-measurable and its dehnition yields for every k e ¥\ that 

Efj,[ 1 b Mk] = Vk{B) for every B e B{H), (5.6) 

which shows E^lMk] = 1. For arbitrary B s Fk there exists A 6 ;B(E^) such that 
B = g^(yl). The equalities (5.4) and (5.6) imply 

E^[1b Mk+i] = Uk+l o 7r~^...,efc(^) =^k° = F^[1 b Mk], 

which establishes that {Mk : A: e N) is a martingale. As {Mk : A: e N) is a 
non-negative martingale, there exists a random variable M on {H, B{H), g) with 
< 00 such that Mk M g-a.s.; see [4, Th. 35.4]. 

Define the probability measures pk '■= and qk '■= et every 

A: e N. By defining the function 

E'=-[0,lf, E^{xi,...,xk) = {F,{xi),...,Ek{xk)), 

we obtain for every A e 0(E^) that 


qk{A) = \ 1^-1 ,Mh)ck{gk{h)) p{dh) 

JH ' 

= f lA(7rei,...,efc(/l))cfc(F^(7rgi,...,g,(/l)))/i(o!/l) 


lA{x)ck{E^{x))pk{dx). 

Jr'' 
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Thus, the Radon-Nikodym density of qt with respect to pk is given by 


d(ik j^k 

rk ■= -j— = CkoF . 
dpk 


(5.7) 


The Radon-Nikodym density satisfies for every continuous and bounded function 
/: M, ^ ]R that 


E, 


Pk 


[firk)]={ f{ck{F^{x)))pkidx) = Ef,[f{Mk)]. (5.8) 

Jr'' 


(1)^ (2); For given e > 0 it follows from (5.2) and the uniform integrability of 
the densities that there exists r > 0 such that we have for all /c e N; 


I 


{heH:ck{gk{h))>r} 


Ck{gk{h)) Ix{dh) = Ck{x)dx^e. 

J{a;GR'' Ck(x)>r} 


(5.9) 


Since p is a Radon measure there exists a compact set K H such that p[K^) ^ y. 
Combining the two estimates implies for all A: e N that 


i^kiK^) = J 


{heK<=:ck{gk{h))>r} 


^ £ + r- = 2£. 
r 


Ckigkih)) p{dh) + J 


{heK<=:ck{gk(h))iir} 


Ck{gk{h)) p{dh) 


Prokhorov’s Theorem implies that the sequence {i'k)ke¥i is relatively compact in 
M{H). 

In the following we establish that (t'A;)A:sN converges weakly to a measure v e 
Ai{H). For this purpose, let {i'kn)ne¥i be a sub-sequence converging weakly to a 
measure v e A4{H). It follows for fixed f e N that i'k„ o converges weakly 

in Ad(IR^) for n ^ co. On the other hand, relation (5.4) implies for 


to V O TT, 


-1 
ei,...,ee 


every n e N with kn^ (- that 




Consequently, it follows for every e N that 

y o 


Relation (5.3) implies for every R,..., /^ e X and £ e N that 

^ei]...,ee (di X ■■■ X r) = o 7rR^.„,g^ (r X • • • X R 


(5.10) 


1 / o ■ 


= Q^MilA)), • • • ,pe{le 
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The uniqueness statement in Proposition 4.1 yields that vo\~^ = Thus, each 

weakly convergent subsequence of {i'k)ke¥S converges to the same measure e A4{H) 
which satisfies (5.1), and thus the proof of (b) is completed. 

For establishing (a), define for each /c e N the probability measure Qk ■= v o 
Equality (5.10) implies that the Radon-Nikodym density of Qk with respect 
to pk is given by r^. defined in (5.7). Assume that a subsequence (rfc„)nsN converges 
weakly to a Borel measure r, that is for each continuous and bounded function 
/: M, ^ IR it follows 

= J f{x)r{dx). 

Since equality (5.8) and the weak convergence of the martingale (M^ : /c e N) imply 

EvulfirkQ] = E,[f{Mk^)\ - f f{M{h)) p{dh), (5.11) 

Jh 

we conclude r = po M~^. Since Assumption (1) guarantees that {Mk : A: 6 N) is a 
uniform integrable martingale by (5.9) it follows that Mk ^ M in mean and thus 

l = Ef,[M]= f x{poM-^){dx). 

Jr 

Theorem 3.2.10 in [23] implies (a). 

(2)^(1). Define for each A: e N the probability measure Qk ■= ° 

follows from (5.1) and (5.3) that the Radon-Nikodym density of Qk with respect 
to Pk is given by defined in (5.7). Assume that {rk)ke¥S converges weakly to a 
measure r. As in (5.11) it follows that r = po Theorem 3.2.10 in [23] implies 

1= r xr{dx) = r X [p o M~^){dx) = f M{h) p{dh) = En[M]. 

Jr Jr Jh 

It follows from [14, Le.3.11] that {Mk ; A: e N) is uniformly integrable which yields 

( 1 ). 

It remains to show that i/ is absolutely continuous with respect to p. For every 
B e Tk for some A: e N there exists A e B(]R^) with B = E follows 

from (5.6) and (5.10) that 

u{B) = ^(A) = ^(A) = E^[lBMk\. (5.12) 

As every set B e B{H) obeys 

00 

k=l 
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we obtain by defining Bn := riLi ^ei!...,efc(^ei,...,efc(-B)) that Bn e Tn and 

v{B) = lim v{Bn)- (5.13) 

On the other hand, since fi{B\Bn) 0 the uniform integrability of (M„ : n e N) 
and the convergence of Mn to M in mean imply that 

E^[\lB^Mn-lBM\] ^E^[lB^^Mn]+E^[lB\Mn-M\] ^ 0 . 

Consequently, it follows from (5.12) and (5.13) that 


u{B) = E^[1 bM] for all B e B{H), 

which completes the proof. □ 

The application of Theorem 5.3 requires the uniform integrability of the densities 
of the copulas. The following result provides a simple criterion for copulas which 
are constructed by Lemma 3.3. 

Corollary 5.4. Let Ck ■ [0,1]^ ^ 1R+ be the density of a copula of the form 


Ck{ui, ...,Uk) = (pi{ui,U2)(p2{u2,U3) ■ ■ ■ (pk-i{uk-i,Uk) for all Ui,... ,Ufc 6 [0,1], 


where ipj: [0,1]^ ^ 1R+ is the continuous density of a copula in for all j e N 
and k e N\{1} 1. Then the following are equivalent: 


(1) the family (cA:)fce]N\{i} is uniformly integrable; 



dudv 


< GO. 


Proof. Choose an arbitrary probability measure /a in Ai® n and let the 

martingale {Mk : k e N\{1}) on the probability space {H, B{H), n) be defined as in 
(5.5). Since we have for each h e H and k e N\{1} that 


Mk(h) = Ck(Ei((h,ei)),... ,Fk((h,ek))) 

= Ti(d^i((h, ei)), E2((h, 02))) ■ ■ ■ (fk-i(d^k-i((h, ek-i)), Ek((h, ek))) 
^k—i (^) Tk —1 {h^k—x ({|h, Ck—i}), Ek {Ch, e^)')), 

we conclude Mk = X 2 ■ ■ ■ Xk for every k E N\{1}, where 


Xj{h) := (/9j_i(Fj_i«h,ej_i»,Fj«h,ej») 


for all h e iL, j = 2 ,..., /c. 
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Kakutani’s theorem for product martingales, see [24, 14.12], guarantees that {Mk : 
k e N\{1}) is uniformly integrable if and only if 


S 

i=2 


1 ~ En 


X 


1/2 


< 00 . 


Recall that (5.9) shows that the martingale {Mk '■ k e N\{1}) is uniformly integrable 
if and only if the family (cfc)fcg]t<f\{i} is uniformly integrable. Define the function 

H [ 0 , l]^ 9j-i,j{h) = (Fj_i«/i,ej_i»,Fj«/i,ej»). 


Then it follows from (5.2) that 


E„ 


X 


1/2 


[ (/?](l^i(T;-^i«/i,ej_i»,Fj«/i,ej») n{dh) 
J H 

f ^]-i {u, v)) {n O gj\ j) {dudv) 

J[0,l]2 

^^j^i{u,v) dudv, 

Jro.iT 


which completes the proof. 


□ 


Recall that the density ipj: [0,1]^ ^ 1R+ of a copula is the density function of a 
probability measure on R(IR^) n [0,1]. The term 1 — J -y/ ^j{u, v) dudv in Lemma 
5.4 equals the squared Hellinger distance between gj and the product of its marginal 
distributions, which are just the uniform distributions on the intervals [ 0 , 1 ]; see for 
example [13]. 

Example 5.5. (Continues Example 3.4). Let (pk- [0,1]^ ^ 1R+ be the Gaussian 
copula in IR^ with correlation parameter pk s {—1,1) for /c e N. Then one obtains 


1 - 



dudv = 1 — 


(i-ir' 


see [18, Se.4.3]. In order that these terms are summable the sequence {pk)keN must 
converge to 0 for /c —> oo, and thus we can neglect the denominator. The mean value 
theorem results in 


1 - (1 - = |(1 - xlf/'^XkPk for some Xk e [ 0 ,/)fc]. 

Consequently, square summability of {pk)ke¥i: he- implies by Lemma 3.3, 

that the corresponding sequence {ck)keN of densities is uniformly integrable. 


19 



References 


[1] A. AghaKouchak, A. Bardossy, and E. Habib. Copula-based uncertainty mod¬ 
elling: application to multisensor precipitation estimates. Hydrological Pro¬ 
cesses, 24:2111-2124, 2010. 

[2] O. E. Barndorff-Nielsen and A. M. Lindner. Levy copulas: dynamics and trans¬ 
forms of upsilon type. Scand. J. Stat., 34(2):298-316, 2007. 

[3] C. R. Bhat and N. Eluru. A copula-Based approach to accommodate residential 
self-selection effects in travel behavior modeling. Transp. Res. Part B, 43:749- 
765, 2009. 

[4] P. Billingsley. Probability and measure. Chichester: John Wiley &: Sons Ltd., 
1995. 

[5] A. Bonazzi, S. Cusack, C. Mitas, and S. Jewson. The spatial structure of 
European wind storms as characterized by bivariate extreme-value Copulas. 
Natural Hazards and Earth System Science, 12:1769-1782, 2012. 

[6] D. Brigo, A. Pallavicini, and R. Torresetti. Credit models and the crisis: a 
journey into CDOs, copulas, correlations and dynamic models. Chichester: 
John Wiley &: Sons Ltd., 2010. 

[7] R. Cont. Empirical properties of asset returns: stylized facts and statistical 
issues. Quant. Finance, 1:223-236, 2001. 

[8] C. De Michele and G. Salvador!. On the use of copula in hydrology: theory and 
practice. J. of Hydrol. Eng., 12:369-380, 2007. 

[9] N. Eluru, R. Paleti, R. M. Pendyala, and C. R. Bhat. Modeling injury severity 
of multiple occupants of vehicles: copula-based multivariate approach. Transp. 
Res. Rec, 2165:1-11, 2010. 

[10] P. Embrechts, A. McNeil, and D. Straumann. Correlation and dependence in 
risk management: Properties and pitfalls. In M. A. H. Dempster, editor, Risk 
Managment: Value at Risk and Beyond, pages 176-223. Cambridge: Cambridge 
University Press, 2002. 

[11] M. Fuentes, J. Henry, and B. Reich. Nonparametric spatial models for extremes: 
Application to extreme temperature data. Extremes, 16:75-101, 2013. 


20 



[12] S. Golian, B. Saghafian, M. Elmi, and R. Maknoon. Probabilistic rainfall thresh¬ 
olds for flood forecasting: Evaluating different methodologies for modelling rain¬ 
fall spatial correlation (or dependence). Hydrological Processes, 25:2046-2055, 
2011. 

[13] C. W. Granger, E. Maasoumi, and J. Racine. A dependence metric for possibly 
nonlinear processes. J. Time Ser. Anal, 25(5):649-669, 2004. 

[14] O. Kallenberg. Foundations of modern probability. 2nd ed. New York, NY: 
Springer, 2002. 

[15] J. Kallsen and P. Tankov. Characterization of dependence of multidimensional 
Levy processes using Levy copulas. J. Multivariate Anal, 97(7):1551-1572, 
2006. 

[16] D. Khoshnevisan. Probability. Providence, RI: American Mathematical Society, 
2007. 

[17] C. D. Lai and M. Xie. Concepts of stochastic dependence in reliability anal¬ 
ysis. In H. Pham, editor. Handbook of Reliability Engineering, pages 141-156. 
London: Springer, 2006. 

[18] Y. Malevergne and D. Sornette. Extreme financial risks. Erom dependence to 
risk management. Berlin: Springer, 2006. 

[19] A. J. McNeil, R. Erey, and P. Embrechts. Quantitative risk management. Con¬ 
cepts, techniques, and tools. Princeton, NJ: Princeton University Press, 2005. 

[20] E. Priola and J. Zabczyk. Structural properties of semilinear SPDEs driven 
by cylindrical stable processes. Probab. Theory Relat. Fields, 149(l-2):97-137, 
2011. 

[21] E. Salmon. Recipe for disaster: The formula that killed wall street. Wired 
Magazine, 17(3), 2009. 

[22] N. N. Vakhaniya, V. 1. Tarieladze, and S. A. Chobanyan. Probability distribu¬ 
tions on Banach spaces. Dordrecht: D. Reidel Publishing Company, 1987. 

[23] A. van der Vaart and J. A. Wellner. Weak convergence and empirical processes. 
With applications to statistics. New York, NY: Springer, 1996. 

[24] D. Williams. Probability with martingales. Cambridge: Cambridge University 
Press, 1991. 


21 



[25] H. Yu, J. Dauwels, X. Zhang, S. Xu, and W. I. T. Uy. Copula Gaussian 
multiscale graphical models with application to geophysical modeling. In 15th 
International Conference on Information Fusion. FUSION 2012, pages 1741- 
1748, 2012. 


22 



